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Abstract 
  

Under gamma irradiation, p53 gene regulatory network is 
able to exhibit three different modes, namely low state, 
oscillations, and high state. There are experimental studies 
demonstrating that oscillatory behaviour of p53 is due to the 
interaction between upstream mediator of p53, i.e. ATM, and 
a negative feedback loop formed by Wip1 with that upstream. 
By proposing a canonical model based on ordinary 
differential equations made up of polynomial type birth and 
death terms, we show mathematically that the simple 
interaction between ATM and Wip1 is indeed able to exhibit 
three different behaviours relevant to DNA damage response 
of p53 network. We further carry out bifurcation analysis on 
the model with the aim of investigating the mutations such as 
Wip1 overexpression and ATM deficiency. Based on the 
proposed canonical model, we show that Wip1 is an 
important target for curing these types of mutations.    

 
1. Introduction 

  
Although mathematical models of gene regulatory networks 

are helpful in understanding how the system functions, most of 
the time comprehensive models to describe every detail of 
chemical processes is infeasible since biological processes in the 
cell is too complex and there are highly connected components 
whose interactions are not revealed yet or only known in the form 
of “repressing” and “enhancing”. Therefore, inevitably most of 
the time, mathematical models proposed in systems biology focus 
on the motifs arising from the main topological structure of the 
network omitting some of the chemical reaction details [1]. 
Nevertheless, this does not diminishes the importance of 
mathematical models, since the topological structure determines 
the dynamics of a biological process and provides predictions on 
the qualitative behavior of the system. Moreover, models 
focusing on topology is more likely to capture missing nodes or 
to reveal essential nodes of the system. 

As a biological process contains many components, so does 
the mathematical model of that biological process, making it hard 
to manage and understand. That’s why sometimes we need to 
simplify the model further just to analyze it easily and grasp how 
the system functions [2]. Besides, studying a simpler system helps 
to understand a more comprehensive model of that system. 
Especially, if there are experimental studies revealing the 
structure of the system, canonical models derived from this 
structure can provide an abstraction of the mechanism of the 
whole system. 

It is known that p53 network is responsible from the 
regulation of the DNA damage response of the cell. Studies show 

that p53 level in a cell with undamaged DNA is low [3], however 
upon the exposure of gamma irradiation, double strand breaks in 
DNA occur, and p53 level starts to oscillate [4,5]. With the 
starting of oscillation of p53 level, cell cycle is arrested to avoid 
the proliferation of the damaged cell, while at the same time DNA 
damage is being repaired by repair molecules. p53 level keeps 
oscillating along DNA damage repair phase. If DNA damage is 
not repaired in a certain time, then p53 level goes up to a sustained 
high level which initiates apoptosis [3,6]. A 17-dimensional two-
phase dynamics model is proposed in [7] for describing the 
aforementioned p53 dynamics showing three qualitative modes: 
low level (unstressed conditions), oscillations (cell cycle arrest) 
and a sustained high level (apoptosis). Herein, we propose a 2-
dimensional canonical model for two-phase dynamics of p53 
network based on the knowledge gained from reducing the two-
phase dynamics model [7] in the accompanying paper by the 
authors and the biological evidence 

The experiments with p53 network shows that the 
interaction between ATM and Wip1 dynamics plays a key role in 
forming of p53 oscillations [8,9]. Also in mathematical models, 
the importance of ATM and Wip1 negative feedback loop in 
construction of p53 dynamics has been demonstrated [7,8]. When 
there are DSBs in DNA, repair molecules form a complex with 
DSBs (DSBCs), thus ATM is activated. ATM is highly sensitive 
in detection of DSBC activity due to its fast switching bistability 
property with a positive feedback [10-13].   When DSBs occur in 
DNA, ATM switches to a high steady state level rapidly. Wip1 is 
known to provide a negative feedback loop on ATM dynamics 
and it is observed in wet-lab experiment that Wip1 feedback loop 
is indispensable for oscillations of p53 [8]. Thus, in this paper, we 
propose a canonical 2-dimensional polynomial model based on 
the topological structure between ATM and Wip1 interaction. 
Since it has been observed in wet-lab experiment [8] that p53 
oscillations result from recurrent initiation of ATM, we assume 
that qualitative behavior of p53 follows the qualitative behavior 
of ATM. The introduced model consists of only polynomial terms 
reflecting the interactions between ATM and Wip1. This simple 
model is demonstrated to be capable of representing three modes 
of p53 as in [7]: low level, oscillations and a sustained high level. 
The model equations and bifurcation analysis are provided in the 
following section.  

  
2. 2-dimensional Model of ATM and Wip1 Interaction 

 Model Equations 
The equations of the proposed model (1)-(2) describe the 

properties of ATM and Wip1 interaction in the functional level, 
just introducing polynomial birth and death terms to reflect 



 

 

activation and repression, respectively, without addressing 
enzyme kinetics directly. Equation (1) has the bistable property 
of ATM, and (2) forms a negative feedback loop with (1). Since 
the bistability dynamics can be obtained from at least three 
equilibrium points [14-16], the polynomial right side of (1) would 
be at least of third order. The parameters of the introduced model 
are chosen at the end of a trial and error process employing an 
extensive simulation study and then tuned to have a period of 
around 6 hours considering the fact that p53 oscillations periods 
are about 6-8 hours [4]. The resulting parameters are given as ܽ	 ൌ 	15, ܾ	 ൌ 	50, ܿ	 ൌ 	15, ݀		 ൌ 	70, 	ݖ ൌ 	0.5, ݉ ൌ 1.25,݊	 ൌ 	0.8.	 The parameter  ݎ is an external signal indicating DSBC 
activity. 

 ݀ሾܯܶܣሿ݀ݐ ൌ 	െሾܯܶܣሿሺ	ݎሺሾܯܶܣሿଶ െ ܽሾܯܶܣሿ െ ݀ሻ ൅ ܾ ൅ ܿሾܹ݅1݌ሿሻ		ሺ1ሻ ݀ሾܹ݅1݌ሿ݀ݐ ൌ ሺݖ ൅݉ሾܯܶܣሿ െ ݊ሾܹ݅1݌ሿ		ሻ																																																	ሺ2ሻ 
 
When DSBs occur in DNA, repair molecules form a complex 

with DSBs (DSBCs) and DSBs are repaired. The parameter ݎ is a 
term that models the DSBC activity. Its value can be any number 
between 0 and 1, “0” standing for no DSBC activity and “1” 
standing for activation of ATM by DSBC activity. Thus, ݎ 
represents the degree of the activation of ATM. 

In the proposed model of (1)-(2), [Wip1] is regulated 
positively by ATM with the term “݉ሾܯܶܣሿ”. In addition, [ATM] 
has a self-activation property with the term “݀ݎሾATMሿ”. This self-
activation property was shown to give the property of rapid 
activation of ATM [11-12]. Wip1 is known to be a strong 
inhibitor of ATM [17]. Therefore, the term “– ܿሾܯܶܣሿሾܹ݅1݌ሿ” is 
included to represent the strong deactivation property of Wip1. 
[Wip1] has a constant production rate with the term “ݖ”, and a 
self-degradation term “݊”.  

 
Fig. 1. Numerical simulation of the oscillator model 

defined by (1) and (2) replicates three essential features of 
p53 network. In the time intervals between  ሾ15, 30ሿ and ሾ50,100ሿ in hours, there are DSBs in DNA indicated by ݎ	 ൌ 	1.  In addition, when ݐ ൐ 70,݉ parameter is made 

zero to simulate the cutting off of ܹ݅1݌ feedback loop. In 
this case, ATM levels goes to a high level indicating 

initiation of apoptosis. (Note that a.u. stands for arbitrary 
unit.) 

The model successfully shows the rest state in normal unstressed 
conditions of the cell (i.e. ݎ	 ൌ 	0), oscillations in case of DSBC 
activity (i.e. ݎ ൌ 1), and a high steady state in unrepaired DNA 
damage case (modelled as ݎ	 ൌ 	1,݉	 ൌ 	0) as shown in Fig. 1. If 

DSBs are not repaired in certain amount of time, indicating that 
DNA damage is too severe, then Wip1 feedback loop is distracted 
(݉	 ൌ 	0), thus ATM is driven into high steady state (See Fig.1) 
[7,18,19].  
  

 Analysis of the model 
Bifurcation parameters are the parameters that cause a 

qualitative change in the dynamics of the system. In the proposed 
model, passing from the rest state to oscillations under DNA 
damage is such a change in the dynamics of the system. In cancer 
studies, the parameters which are sensitive, i.e. causing 
qualitative change in the dynamics of a gene regulatory network, 
are chosen as the bifurcation parameters quantifying the 
mutations [20]. Thus, we test our model’s validity by showing 
that sensitive parameters of the model correspond to the relevant 
mutations reported in the literature [21-24].   

Wip1 overexpression: Wip1 overexpression is a mutation that 
is known to cause cancer [21]. This mutation can be embedded 
into our model by increasing the parameter ݖ which is the Wip1 
constant production term. As depicted in Fig. 2, we evaluate the 
sensitivity of the parameter ݖ by taking it as a bifurcation 
parameter in order to test if it causes a qualitative change in 
dynamics. As can be deduced from Fig. 2, the system is highly 
sensitive to the parameter	ݖ. Its increase destroys the cell’s ability 
to oscillate and pulls ATM level down to zero. Since oscillations 
are required to arrest cell cycle [6] and defective cell cycle arrest 
may lead to tumor formation, we conclude that the changes in the 
sensitive parameter ݖ may cause cancer by removing cell’s ability 
to arrest cell cycle. This prediction requires further wet-lab 
experiments, since, to the best of our knowledge, it is not known 
if Wip1 overexpression causes cancer due to the removal of p53 
oscillations as a consequence of Wip1 overexpression. 

 
Fig. 2. The parameter ݖ is taken as a bifurcation parameter. 

[ATM] level stops oscillating if ݖ is over increased. 
     

ATM deficiency: ATM deficiency is a mutation that is 
characterized by the decrease in its sensitiveness to the DNA 
damage [22-23]. Thus, mutated ATM has difficulty in sensing the 
DNA damage. We embed this mutation by decreasing the 
parameter ݎ, as assuming that this decrease is not due to a low 
DSBC activity, but due to ATM’s deficiency in sensing the DSBC 
activity. Thus, by doing this, we decrease the degree of activation 
of ATM, while assuming that it should be fully activated.  By 
taking the parameter ݎ as a bifurcation parameter, we show that 
the decrease in ݎ causes oscillations to stop as shown in Fig. 3. In 
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this case, cell loses its ability to arrest cell cycle. This finding is 
in agreement with biological findings which state that mutations 
in ATM cause defective cell cycle arrest [23-24]. 

 
Fig. 3. The parameter ݎ is taken as a bifurcation 

parameter. Decrease in ݎ, causes the oscillations to 
stop, so yielding defective cell cycle arrest. 

 
We further show that ATM deficient cell can still go to 

apoptosis like normal cells, if Wip1 feedback loop is distracted 
(i.e. m = 0) (See Fig. 5d.). Since the model parameters 
corresponds to idealized reactions in the cell, making “m =0” 
would be interpreted as any approach that decreases the activity 
of Wip1, such as using Wip1 inhibitors, deletion of PPM1D (gene 
encoding Wip1). There are several experiments indicating that 
inhibition of Wip1 drive cancerous cells to apoptosis [18-19] or 
deletion of PPM1D (gene encoding Wip1) make cells resistant to 
tumors [22]. Recently Wip1 has been recognized as a new 
candidate for cancer treatment [25-27].  

Fig. 4. The parameter ݖ and ݎ	together taken as bifurcation 
parameters. The parameter combinations that result in 

oscillations or low level of ATM are shown. ଵܲ corresponds to 
the parameters ሺݎ, ሻݖ ൌ ሺ1,0.8ሻ where [ATM] oscillates. 

However, if ATM deficiency occurs, then the cell moves to ଶܲ	ሺ0.9,0.8ሻ and [ATM] oscillation stops. Thus, the cell 
becomes defective in cell cycle arrest. This situation is healed by 
decreasing the parameter ݖ and moving the cell to ଷܲሺ0.9,0.4ሻ. 

In this case, the oscillations are recovered. 
 

Fig. 5.  Simulations of ATM deficiency. a) In P1, ATM is not 
mutated and oscillations are observed in case of DSBC activity. 

b) In P2 , ATM is mutated and oscillations are no longer 
observed in case of DSBC activity. c) Mutated cell is moved to 
point P3 by decreasing the parameter z. In this case, oscillations 
are observed even if ATM is mutated. d) An ATM deficient cell 
in P2 still can go to apoptosis by inhibiting Wip1 (m=0.1), even 

if the cell is deficient in cell cycle arrest (i.e. no [ATM] 
oscillation possible). Thus, the analysis indicates that 

degradation of Wip1 may be a cancer treatment strategy for 
ATM deficient patients. 

 
3. Conclusion 

 
This study proposes a 2-dimensional model that is able to 

replicate the behaviors of ATM dynamics in p53 network. The 
results obtained by the introduced model emphasizes the 
importance of ATM and Wip1 in p53 dynamics. Due to its 
simplicity, the model has the potential of being used in other 
gene regulatory networks such as circadian system that have 
interaction with p53 network. The bifurcation analyses reveal 
that the production rate of Wip1 and sensitivity of ATM to DNA 
damage are sensitive parameters that are related to cancer. Wip1 
feedback loop is important for different behaviors of p53 
dynamics. Thus, Wip1 feedback loop may be a control element 
which other networks control p53 dynamics. This perspective is 
important since cancer treatment strategies can use Wip1 
feedback loop as a target to control mutated cells.  
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