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Abstract

Compressive sensing (CS), multiple signal classification
(MUSIC), and estimation of signal parameter via
rotational invariance techniques (ESPRIT) are among the
main used estimation techniques for direction of arrival
(DOA). Though, the practical implementation of DOA
techniques in handheld wireless devices is limited by the
number of antennas and the spacing between them. A
robust DOA estimation technique is needed to overcome
the different impairments in the communication channel.
This paper mainly focuses on DOA estimation of two
sources in the presence of practical limitations. A
comparison between important DOA estimation
algorithms is presented including: Beamforming, Capon,
MUSIC, and First-norm singular value decomposition (I-
SVD).

1. Introduction

A set of antenna/sensor elements arranged in a certain
geometry is called an antenna/sensor array. Antenna arrays can
enhance antenna directivity, in return enhancing the signal to
noise ratio (SNR) as well as providing the system with some
control over the maximum radiation power. The beam of the
array can be steered towards certain directions which enhances
its direction-of-arrival (DOA) capability [1]. Many array
configurations were investigated in the literature for DOA
estimation. Each configuration has its own advantages and
limitations. Very few publications considered the practical
limitations in the presence of two sources. There are many
DOA algorithms such as Beamforming, Capon, subspace-
based techniques, etc. The most widely ones are reviewed and
compared.

Wideband source localization using beamforming was
considered in [2], [3], [4]. DOA estimation using Capon
algorithm was originally developed by [5]. Based on time
reversal for multiple-input-multiple-output (MIMO) radars,
Capon algorithm was introduced in [6].

Subspace-based techniques such as estimation of signal
parameters via rotational invariance technique (ESPRIT) [7]-
[10] and multiple signal classification (MUSIC) were
considered in [11]-[14]. The authors in [8] modified the
ESPRIT algorithm and used the singular value decomposition
(SVD) instead of the Eigen value decomposition (EVD) to
estimate the signal subspace. As a result, the performance was
enhanced even in the presence of interference. A two-stage
MUSIC algorithm was proposed in [12]. MUSIC algorithm
was also used in [13] and extended in [15] to estimate the
DOAs and the power of the far-field sources.

Since the received signal is sparse in some domains,
different approaches were developed for DOA estimation
based on compressive sensing (CS) [16]-[20] which works at
sub-Nyquist sampling rates [16]. In [17], the authors used
sparse Bayesian learning when the number of the unknown
sources is greater than the number of measurements. The work
in [18] estimated the DOA by solving a set of Basis Pursuit
De-Noising (BPDN) problems. In addition, grid position
refinement was used to reduce the complexity of the BPDN
problem.

Narrowband DOA estimation based on the First-norm SVD
([4-SVD) was investigated in [21]-[23]. All [;-SVD
algorithms use CS first, so they can be considered also as CS
based algorithms. In [21], [;-SVD was proposed for multiple
time or frequency samples such that sharp estimate and super-
resolution of the DOA is achieved. Reference [23] suggested
a modified [;-SVD algorithm which has an improved
performance in the presence of interference.

In mobile handsets, the number of antennas [24] and the
inter-element spacing are restricted by the available physical
size. Very close antenna elements suffer from the mutual
coupling effect [25], [26]. While, the grating lobe problem
appears if the spacing increases beyond half-wavelength.
Estimation with more antennas requires large storage and
increased processing capability. Under the given restrictions,
researchers examined different inter-element spacing to
optimize the DOA estimation. The authors in [27] suggested
antenna spacing of 0.14 and used impedance matching to
avoid the degradation with such close spacing. Others
examined different configurations for distributing the antennas
within an array while maintaining a minimum distance
between the elements [28]. In [19], the minimum adjacent
antenna separations were evaluated by exploiting the antenna
size as a constraint. The authors in [29], [30] used only two
antennas to estimate the DOA. The MUSIC algorithm based
system in [29] utilized only one radio frequency to reduce the
complexity. A switch was used to change from one element to
the other. In [30], preprocessing the received signal and
performing data reduction was used. The generalized least
squares estimator was used for DOA estimation.

Developing a receiver with DOA estimation capability is
restricted by the physical size of the handsets. Based on the
literature review, very few researches have considered DOA
estimation of two sources with limited number of antennas and
limited inter-element spacing which is the main scope of this
paper. The performance is investigated for different number of
antenna elements and different inter-element spacing using
different performance criteria. In [31], a single source was
considered and estimated through search based-DOA
estimation algorithms. This paper considers two sources and



investigates the ability of the algorithms to resolve them in the
presence of such limitations.

The rest of this paper is organized as follows. The
considered system model is introduced in Section 2. In Section
3, some performance metrics for DOA estimation are
presented. Simulation results are presented in Section 4.
Finally, the paper is concluded in Section 5.

2. System Model

Let us consider K narrowband active sources u;(t), i =
1,.., K located in the far-field with 8; as the DOA impinging
on an array of M equally spaced omnidirectional antennas as
in [31]. The received corrupted measurements with additive
white Gaussian noise, n(t) , at the output of the array can be
written as:

y(t) = A(@)u(t) + n(b), M)
te{12,..,T}

where A(0) = [a(6,),..,a(0k)] is the steering matrix with
steering vector a(g;) =

jemdcos(8;)  jamdcos(8;) j2md(M—1) cos(8;) !
1,e 2 ,e 2 Ly, e 1

, T is the number

of samples or snapshots, d represents the inter-element
spacing and A is the carrier wavelength. The unknown DOAs
are represented by 6 =1[0,,60,,..,0¢] and wu(t) =
[u (), .., ug(®)]’ is the transmitted signals. Given y(t), we
have to find 8, which is an estimate of 8 and the number of
active sources, K.

3. Performance Metrics

There are many performance metrics that have been used
to assess DOA estimation. The most widely used in the
literature are discussed in the following subsections.

A. Root Mean Squared Error (RMSE)

One of the most widely performance metrics used in the
literature to assess the DOA estimation is the root mean
squared error (RMSE). The RMSE of the estimated DOA is
defined as:

RMSE = @

where 6;, and 8; are the actual and the estimated DOA,
respectively, and K is the number of sources to be localized.

B. Bias

The bias can be defined as the difference between the actual
location of a source and its estimated location [21], [32], as:

Biasi = (91 - él) (3)
C. Sources Resolvability

This metric gives an indication on how certain DOA
algorithm is capable to resolve two sources and can be

calculated based on the following. Two sources are resolvable
if the following condition is satisfied [2], [33]:

~ A8

where A8 = |8, — 6,] and 6; and ; are the actual and the
estimated DOAs of two sources for i = 1,2, respectively.

4. Comparative Performance Evaluation

In this section we present some results for DOA estimation
using different algorithms in which the effects of the most
important parameters presented in the system model are
investigated. Two narrowband and uncorrelated sources are
assumed to be located in the far-field with discrete uniform
DOA angle distribution, 8;,~U[1°,180°]. A uniform linear
array (ULA) is considered with d = 1/2 and the number of
samples is T = 200 samples. The search grid is uniform with
1° step size. All these parameters are fixed unless stated
otherwise. All the performance measures are calculated based
on 500 independent runs that are averaged afterwards.

A. Impact of the SNR

Fig. 1 displays the RMSE versus SNR for different M. The
RMSE is very large when M = 2 based on all algorithms and
even with SNR =40 dB. The RMSE using MUSIC algorithm
when M =2 is larger than others because K = M.
Consequently, the noise subspace becomes an empty matrix
and degradation occurs. Therefore, two antenna elements are
not enough to estimate the locations of two sources.

Since Beamforming has a very wide Beamwidth at the
estimated angels and it’s search based algorithm, no
improvement is noticed by increasing M. Apart from
Beamforming algorithm, using more antenna elements
improve the performance significantly. Increasing the SNR
reduces the RMSE as well, though this improvement is
negligible beyond SNR = 20 dB using [;-SVD algorithm.
After this SNR, simulation proves that Capon and MUSIC
algorithms realize quite better RMSE.

Beamforming

RMSE (degree)
RMSE (degree)

RMSE (degree)
RMSE (degree)

SNR (dB) SNR (dB)
Fig. 1. The RMSE as function of SNR for different M



B. Impact of the Ratio between the Inter-element Spacing
and Wavelength

Again, the RMSE is used since it is the most widely used

performance measures in the literature. The RMSE is plotted

versus & = l,l,l,l,l,z,léandZ with SNR =20 dB in Fig.

2. The RMSE for MUSIC and [,-SVD decreases as % <d/A<
§ since the mutual effect reduces. On the other hand, the RMSE

. d_ 1 D
increases when 773 because the ambiguity increases due to

the grating lobes. We have got almost similar observations as
in [31].

C. Impact of the Number of Samples

The effect of the number of samples can be evaluated using
the probability of source resolvability. The two sources are
adjusted to be located at @ = [60,80]° as shown in Fig. 3 using
M = 4,8 and the SNR = 10, 20 dB. The probability of source
resolution is plotted against T = 2,20,50,100,150 and 200
samples. Apart from [;-SVD algorithm, using only two
samples is not enough to achieve a good probability of
detection. However, using l;-SVD the probabilities with only
two samples are much greater than all other algorithms, see
Fig. 3. Capon algorithm needs large SNR and large number of
samples in order to resolve the two sources perfectly.
Beamforming algorithm has got the worst performance among
all algorithms.

D. Impact of the Sources Separation

The bias as a function of the angular separation between the
two sources with M = 8 is plotted in Fig. 4. The first source is
fixed at 42 degree while the second one is changing. For the
case when the SNR = 10 dB (solid lines), 20 dB (dotted lines),
we observe some bias for low separations. Though this bias
vanishes as Fig. 4 indicates when the SNR = 10 dB at around
16, 14 and 12 degrees for Capon, MUSIC and [;-SVD
algorithms, respectively. On the other hand, the bias increases
with separations using Beamforming algorithm since it is a
search based algorithm and it has a very wide beamwidth.
Apart from beamforming algorithm, when the SNR increases
to 20 dB all biases decrease.
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Fig. 2. The RMSE vs d /A for two sources, SNR =20 dB,
and different M
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Fig. 3. The probability of source detection as a function of
T with SNR=10 dB (dashed lines), SNR=20 dB (solid lines)
and M = 4,8 and 8 = [60,80]°

The probability of source resolvability is shown in Fig. 5
versus the SNR. The two sources in Fig. 5(a) are adjusted to
be located at @ = [60,80]° and we compare M = 4 (solid
lines) and M = 8 (dashed lines). All subplots have the same
legend and markers. A probability of 1 is achieved using ;-
SVD at low SNR compared with other algorithms. In order to
realize probability of resolvability greater than 0.8, around 7.5
and 10 dB are required using MUSIC and Capon algorithms,
respectively, using M = 8 elements. Moreover, we have
almost the same trend using M = 4 elements. Beamforming
algorithm can’t resolve the two sources.

The two sources in Fig. 5(b) are adjusted to be located at
6 = [60,100]° and we compare M = 4 (solid lines) and M =
8 (dashed lines). Again beamforming algorithm merges the
two sources and cannot resolve them. Similarly, [;-SVD is
better than MUSIC and Capon algorithms. Comparing the two
cases with M = 4 and M = 8, the differences between them
are not as before (smaller) because the sources now are
separated by 40 degrees.
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Fig. 4. Bias in localizing two sources as a function of
angular separation with SNR =10 dB (solid lines), 20 dB
(dotted lines) and M = 8
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Fig. 5. Probability of source resolvability versus the SNR for M = 4 and 8 antenna elements. The solid and the dashed lines
represent M = 4 and 8 respectively

5. Conclusion

In this work, we presented a comparative study on sparse
DOA estimation for two sources with practical antenna arrays.
Two practical issues were discussed namely: limited number
of antenna elements and limited spacing in between. Different
performance measures have been discussed and evaluated.
This includes the RMSE, bias and the sources resolvability
based on several algorithms. The [;-SVD algorithm attains
super-resolution since the beamwidth at the estimated angle is
very narrow. It also utilizes both sparsity and SVD concepts.
Thus it can work with a reduced data set and the processing
time is reduced dramatically.
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